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PREFACE. 



The present pamphlet is intended to be used by mathematical 
students as supplementary to an ordinary treatise on the Integral 
Calcnlns. 

A method of Integration is proposed which makes this opera- 
tion, always of a tentative nature, more systematic and certain ; 
and in this method the hyperbolic functions are used freely in 
conjunction with the circular trigonometrical functions. 

Considering their importance in Applied Mathematics, the hyper- 
bolic functions have not received adequate treatment in ordinary 
text-books; to illustrate this importance, a digression has been 
made on their principal properties, illustrated by examples of their 
application. 

The recent Cambridge examination papers have been consulted 
for examples, to exhibit the methods of integration explained in 
this pamphlet, which, it is hoped, will prove usefnl and interesting 
to the mathematical student. « 
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A CHAPTER IN THE INTEGRAL CALCULUS. 



Introduction. 

Presuming that the reader is ah^eady familiar with the general 
methods of Integration, as given in text-books on the Integral Cal- 
cnlns, it is proposed in the following pages to explain how the process 
of Integration may in some cases be made more systematic, so that 
the result of the integration may be more readily written down, when 
the function to be integrated is once presented for that pnrpdlse. 

The process of Integration is necessarily of a tentative nature, 
depending on a previous knowledge of DifEerentiation ; and in general 
the most convenient order of the mental operations required for the 
integration of a given function will be found to be : 

(i.) To guess the function required for the integration ; 
(ii.) To assign the argument of this function ; 
(iii.) To write down the proper constant or numerical factors 
of the integrated function. 

Of these three operations, the first is of the most fundamental 
importance, as depending on the principles of the Calculus, but it is 
the second operation which presents the greatest practical difficulty, 
while the third only requires verification by a mental difEerentiation. 

To lessen the difficulty of the second operation it is the object of 
these pages to show that it is convenient to take, either the function 
to be integrated, or con^^t^uen^s .of this function, as the argument of the 

integrated function ; for instance, when jaeoxd^ is required, to express 

the result as a function of sed x, and when 

f dx f Mx+N ^ 

J («-i>) ^/(aaJ'^-26aJ^-c) ' J (Ax^-\-2Bx + G) ^/(ax^-^2hx+c) ' 

is required, to express the result as a function of 

_ y/(ax^-\-2ha^+c) 1/ ax^ + 2hx+c \ 

^■" x-p ' ^^ \\Ax' + 2Bx-\-0)' 

by changing the independent variable from xtoy by these substitu- 
tions in the ordinary manner ; and generally, to express | ^ (x) dx as 

a function of ^ (»), or of the constituents of ^ («). 

B 2 
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Oeneral Integration of Rational and Irrational Algebraical 

Funciions. 

1. Presuming, then, that the reader has already studied the Integral 
Calculus to a certain extent, let us begin by considering the most 
general algebraical function of a variable «, of which the integral 
with respect to x (excluding pseudo-elliptic integrals) can be expressed 
by algebraical, circular, exponential and logarithmic, or hyperbolic 
functions of x. 

The most general function is of the form 

P+Qy/B' 

when A, By P, Q are rational integral functions of x, and B is & 
linear or quadratic function of x, and therefore of the form 

ax^ + 2hx-\-c. 

If the degree of B is higher than the second, and the integration 
can still be expressed by algebraical, circular, or hyperbolic functions, 
the integral is called pseudo-ellipticy and it can always by a suitable 
substitution be reduced to an integration in which the degree of JR, in 
the irrational part \/i2, is of the second degree at most. 

2. The first operation is to rationalise the denominator ; then 

A±B^/B ^ iA+B^/B)iP-Q^/B) _ AP-^BQB BP-AQ .„ 
P^QVB P'-Q'B P'-Q'B '^ P^-Q'B ^ ' 

of the form -^^ + ^^ —r^ » 

D D VB' 

where M = AP—BQB, 

N=BPB-AQB, 
D = P^-Qm, 

rational integral functions of x. 



Then {A±B^ax={^dx^[^ 



dx 



3. To integrate the rational fraction M/D, this function is split up 
into its partial fractions, in the manner explained in treatises on 
Algebra, the quotient, if any, being first obtained by division, and 
then the integration of each term is in general easily effected. 



r AT jj 

4. Next, the integral — j^ can be immediately made to de- 

J D vlt 

pend upon the integration of another rational fraction, by means of a 

simple snbstitntion. 

Three cases must be considered, according' to the form of 

(i.) If oc— 6' is positive, and therefore also a and c are positive, in 
order that B should be positive, and ^/B real, put 

then _ax±h_^Jy_ 

v/(ac-6») 1-2/" 

and adx ^^ ^"^^!,%, 

so that ^^.^2i^ 

Then the integral J ^ ^ = Jgd2/, 

where N' and D' are certain rational integral functions of y, and the 
integration is effected as before, by resolving N'/If into its partial 
fractions. 

(ii.) If ac—V is negative bnt a is positive, then, putting 

\/a 'JB 2?/ 

v/(b'-ac) ~ l-y" 

aa+6 _ l+.v' 
v/(6'-oc) 1-2/" 

•J Vadx __ 2c?y 

~7b"""i-2/'' 

8othat,again J- -^^\^^dy, 

where ^' and iX are rational integral functions of y, 
(iii.) If aC'-V is negative, and a is negative, put 

-/(6^-ac) 1+2/" 
,, aa5+6 1—2/' 
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— adx __ ^Ajdy 
v/(&'~ac)"'(l+^*' 

and V'C-^) ^^ = ^^y 

so that again the integral is rationalised ; and in each case the sab- 
stitntion employed involves the constitttent function B. 

Subsequently, however, we shall find it preferable not to use these 

fN dx 
-r=r —r=^ by resolving 

the rational function N/D into its partial fractions, and considering 
the integral of each term. 

The Besolution of a Rational Function into its Partial Fractions. 

5. Let us make a digression on this question of Algebra, so far as 
it is required in the Integral Calculus. 

Denoting by N the numerator and D the denominator of a rational 
fraction, so that N and D are rational integral functions of x^ that is, 

each is of the form ilaj« + J?aj"-^+(7aj"-^+...-f Paj+Q, 

where n is an integer ; then, if the degree of N is greater than the 
degree of D, the quotient must first be obtained by dividing N by D, 
After this has been done we may denote the remainder by N^ so that 
henceforth the degree of N may be supposed less than that of D. 

Next, suppose B to be split up into its real linear and quadratic 
factors, single or repeated ; then 

(i.) Corresponding to a single linear factor a?— a, suppose, we must 

A 
assume a corresponding single partial fraction — — ; and then 

X — a 
A = — ^~ — ' for the value » = a ; 

the corresponding integral being A log (a— a). 

(ii.) Corresponding to a repeated linear factor («—&)"*, we must 
assume m partial fractions 



and then, to determine the J5's, put aj— 6 = y, and expand N («— 5)"* fB 
in ascending powers of y as far as 2/"*"^ ; the successive coefficients 
will be B^^ -B^-i, •.. ^i. 

The integral corresponding to - — ^ is — —-—■ — rr— ?> and to 

— 1- is B^ log (aj — 6), as above. 

X — 



y 



1 
i. 
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(iii.) Corresponding to a quadratic factor of tlie form (a? — a)'-h/3', 
splitting np into imaginary linear factor aj— a±i/3, we must assume 
a corresponding partial fraction 

Lx+M 

which may be supposed to result from the coalescence of two con- 
jugate imaginary partial fractions 

A-\-iB A-iB __o ii(a?-a)4-.g/3 . 
x-a+iP x-a--iP (x-a^ + fi^ ' 

the integral of which is 

il log { (aj-a)«-h/J»} +2B tan-i ^ . 

(iv.) Corresponding to a quadratic factor, repeated m times, 
{(a— o)'-f /3'}"', it is customary to determine m partial fractions of 
the form 

but this method is not of practical use, and a better plan is to deter- 
mine the conjugate imaginary partial fractions of the form 

B-^-iO , B-iO 

"T 



which integrated give 

1 C B+iO B-iO •) 

r-1 i (aj-a + i/J)*--^ "•" (aj-a-i/J)'"* ) 

[B {(aj-a+t/J)-H(»-a-^-/jy-^} 1 
]^L "iO {(g-a-h^y-^-(a?-a-ijSy-^}J 

^-1 • {(aj-a)H/J'}*- 

easily reducible to a real form. 

TJie Integration of the Irrational Function, 
6. Now, resuming the consideration of the integral 

[ K J^ 

J D ^B' 

and supposing the rational function ^/D resolved into partial fractions, 

consider first the integral corresponding to a single partial fraction 

A 
of the form , x—p being a single linear factor of B. 

X — p 
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The corresponding integral 



I 



dx 



is usually reduced by means of the substitution x—p = — -^ and then 

becomes of the form jdy/ ^B\ where R is of the form ai^+2Vy+e. 
But we shall find it better, in development of the general idea of 
these pages, to employ the substitution 

y = » 

the quotient of the constituents ^/B and x—p ; then 

(ap'+26p+c) j/'-(ac-6«) = { («P+&)»+6p + g ] \ 

C X — p ) 

and, taking the minus sign with the radical 

^2E±^>£±^E±£ = - y {(V+26P+C) y'-«c+6'}, 

dx _ __j yj/y 

i^-py ^{(ap' + 2hp+c) y'-ac+V] ' 

so that f ^ = f ^ 

J (»-i>) >/B J y/{(ap^-\-2bp-{-c) y^-ac+b*] 

7. The form of the integral will be different according to the signs 
of ap' + 26p-f c and ac-^h^. 

The first cannot be negative and the second positive, because then 
B would be negative and \/B consequently imaginary. 

Suppose ap'-|-26p-f c negative and clc—V negative, then 

(x ^p) ^B y ( - V - 26p - c) -v/(6' - ao) 

.1 y(oa;'4-26a;-hc) ^/(--a;?'— 26p-c) 



J 



sm 



v^(— op'— 26p— c) (^""i') \/(&'— ac) 



the integral being thus expressed as a function of the quotient of the 
constituents '^B and x—p, 

8. When ap'H-26p-|-c is positive, then 

f dx 1 f dy 
(x^p) s/B y(ay + 2bp + c) J v/(2/'+^)' 

where X is some constant =— (ac— 5')/(ap' + 25p-f-c), which may be 
positive or negative. 



I 



\ 
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When only the logarithmic function is employed, then, as is well 
known, 

requiring no distinction between positive and negative values of \ ; 

but, comparing these with 

,,-^ — rr = sin"^ -«^ or — cos~^ -^, 

we notice a great complication in the argument of the logarithmic 
function, compared with the argument of the inverse circular 
functions. 

Ths Hyperbolic Functions. 

9. This complication is avoided, and great symmetry is obtained by 
the introduction of the hyperbolic funcUonSy direct and inverse. 

The definitions of these functions are 

cosh u = i (e** + e""), sinhw = \ (e**— e'"), 

cosh u being called the hyperbolic cosine, and sinh u the hyperbolic sine 
of'tt. 

By analocry with the other circular functions, — ; — = ^ ""^ is 
^ '^^ coshtt e"+e" 

called the hyperbolic tangent of n, and is denoted by tanh u, and so on. 

rwn d cosh u .1 d sinh u ^^ , 
Then — :; = sinh u, — ; = cosh w, 

du du 

also cosh' tt— sinh' w = 1 ; 

and therefore — :; = -v/(cosh' w— 1), 

du 

d sinh u // • -li ■ 1 \ 
— :; = ^(sinh' u + 1). 

du 

10. Putting cosh « = a, then u is the inverse hyperbolic cosine of 
Xy which we shall denote by the notation 

u = cosh** X, 
a noti^tion now common in America (W. E. Byerly, Integral Calculus) ; 
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it will be fonnd employed by Dr. Ferrers, in the Quarterly Journal 
of Mathematics, Yol. xviii., " Distribution of Electricity on a Bowl " ; 
and other writers on applied mathematics. 

'Bertcsi,nd{Galcul Integral, p. 15) proposes the notation sect, cos hyp. x 
for cosh "^ a?, by analogy with the continental arc. cos® for cos "^ a? ; 
but the lengthiness of this notation has apparently prevented him 
from using it subsequently in his treatise. 

Hence ^ = v/(aj'-l), 

du 



or 



dcosh~^aj 



(i» -/(aJ^-l)' 



so that I y, ^ 1. = oosh-^ x ; 

Ji v/(a5 -1) 

J . ., , dsinh~^aj 1 

and sinnlarly -^— = -^^^^^ 

and I ,. ^, -^ = sinh-'a;. 

Jov/(ar + l) 

Expressed by the hyperbolic logarithmic function, 

cosh""^aj = log {x+ -/(»'— 1)}, 

sinh-^ aj = log { y (aj» + 1) + «} , 
so that now 

[ , f y = Hmh-^^ = cosh-' ^(y'+^') , 

f _^L_ = cosh-' ^ = sinh- ^^y'-^V . 

Now, expressed as a function of the argument, 

y = — — , 
x—p 

where E = aaj'4-2&a;+c, and ap'+25p+c is positive, 

f dx ^ I ^^^^^i VB ^/(ap»+26p+c) 

J (aj-p) VB y(a/ + 26p + c) (x-^p) ^{ac-V) ' 

_ 1 . .,i ^/Ex/(ay'-h26p-hc) 

^^ " y(apH26p+c) ^''^ (aj-i>) v^(6'-ac) ' 

according as oc— 6' is positive or negative. 
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11. With this hyperbolic function notation, a>/3, 



r /( ^ /^^ = 2 si'ih-x/^ = 2 co8h-'>-=4 

= 2tanh-\/2=|= 2 log v/(«'-«)+y('g-/3) 

= Binh-^^^^^~°-'"-^>; 

o— ^ 

f-r-^-^ = 2co8h-'^^ =2sinh-JE 
J, \/(a5— a.oj— /3) Va— /3 V a- 



— « 



= 2 tanh-\ /B = 2 log V(«-^)+ v^C/?-^) 



= Sinh- 2 ^(° -«'/-«). 

a — p 

j- ^ = ^■■T.-. v/((^-°)' + /?'} . 

J.y{(a>-«)'+i3'} /3 

-wliile, for the corresponding circular integrals, 

—- ^=2sin ^W — ^=2 cos ^W ^ 

= 2tan-\/S=c sin-^^^(^"^'^"^) ; 
V a— a? a— p 

-— ^ = 2 cos 'W ^ = 2 sin-^W ^ 

^ -v/(a— aj.aj~p) Va— /3 y a—p 

nj. -1 /a— aj . _i2\/Ca— aj.aj— /J) 
= 2tan y -^ = Bin ' _L_-^^. 

12. Generally, denoting ttx*-\-2hx-^c by i2, 



or 



f _^ _ JL cosh-* ^/a^/B 
y/a v{lr—ac) 



1 . ^1 \/(-a) -/i? 
v(— a) \/(o — ac) 

the real form i o be chosen according to the signs of a and oo— h\ 
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u 



i 



« imJi-i ^v;j±£. 



4. Pkore thai, if , ,^ + _^ -=0, 

13. Similarlj, snppoBiiig B positiTe, 

f^ = 1 cosed.- ^'^J^, 

or 1 «5d»- ^(-"^^J' 

or ^ ""^ 



ilie real farm to be dumen. 






^'l>2aarocMha-i-a' asiiiha 



3. f— -_^- .. 4. f J2-iifo, f J2->*B, Ac 

14, The elliptic integral of tHe first kind in the canonical form 
employed by Weierstraas, 

f ^E OP f ^ 

when 4a^^g^—gt is resolved into its linear factors, (« — cj, («— e^), 
(x—e^^ degenerates into a circular or hyperbolic integral, if two 
of the three roots, ^i, «„ e^^ become eqnal. 
It is supposed that e^>e^>e^', and then (i.) if e, = 6^, the integral 

J^2 {x^e,) ^ix^-e,) ^/(^.-e,) V^-e^' 
(ii,) if e^zsiCi, the integral 
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Similarly, 



o*; r"77 ^ = "77 rCOsh-^A/^^^^, (a;<e8), 

= — -sinli-^W^^Z:^, (a;>ej). 

-/(ei-^s) V aj— ei 



or 



Examples. 



2- f r; , '^,, „ , = 2Bin-»\/i±|?= 2tan-V(l + 2«) = 2gec-V(2 + 2*). 

= ^2co8h-yf±|, (.>-J). 
4. f , ^ = co8h-i2A^^(l±^±£i). 

J 1+a? ^ -v/3(l+a?) 

6. f — -^ = C08h-i V0-^^ + ^^). 

J(«-7)\/(a?-o.a?-i8) -/(a-y.y-jS) («-7) («-i8) 

or ^ pinh-i 2v^(a:~tt.a:~3)v/(y-tt.7-3) 

\/(7-«-7-i8) (»-y) {a-fi) 

8. f ^ 1 flin.i 2v/(tt-a;.a?-a)^/(7~a.7-iS) 

' J(»-7)-v/(o-3?.a?-i8) v^CY-a.Y-iS) (a.-^) (a-)8) ' 

or =. ^ g^,, 2^(«-a;.a;~a)v^(«-7.7-a) 

V'(«-7-7-i8) (a?-7)(a-i8) 

Deduce the value of these integrals when 7 = a or /S. 

9. Determine the integrals 

A^r ^ and C^C ^ , 

required in physical problems in connexion with an ellipsoid of revolution. 
The integral f ^ = ? cos-i -^/^^^ . 



or « ..^^ ^ coBh-i\y^±A; 
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and diflerontiation with respect to «^ or c? will give the required results for the 
above integrals. Thus 

or « ^/(^'^^^) + _!_ cosh-i W^I+A ; 



(c8-a2)(«2 + \) ((j3-a3)t 



c= + 



2 i^/<^ + A. 
COS"^ \/ 1 






2 2 

or « + T-: --Z r r COSh 



so that 2^+ (7 



(a2 + X)v'((j2 + X)' 



or as — 

«-v/(a3-<j») 



1 cosh-^JLxA'"^, (ar«>a2). 

J cos;^-v/(l+8m;») 

(!-»') ^(1+ ;.)"*] (l-a;)v/(H-g) '^*J (T;:^* 

12. f./(£±^y<te= ^/(« + a.« + J)+i(«-4)8iiili-> ^('^ + "•» + *) . 

15. Retnming again to the integral of § 6, and expressing the 

• 73 

result as a f nnction of the argument y = ^ — , where R=^ax^ + 26aj + c, 

x—p 

dx ^ 1 . ,1 \/Jg \/(— op* — 2&p— c) 

v/(apH25p+c) (aj-i?) -v/(fe*-ac) ' 

= 1 cosh-^ ^^^^^^^e!±2&E±£) 

the real form to be chosen for the result. 

When p is a root of the equation E = 0, ap^ + 2hp+c = 0, and the 
integral is algebraic ; and, as a limiting form, 

dx \/22 



f 



or = 



or 



1 



(«— 1>) \^B (»— 1?) ^/Q^^—ac)' 



19 

EXAMPLBS. 
1 f - ^ ^ \/^ 

2. f ^^^ ^amh-i^^^'"^^^^« + ^). 

3. f ^ ^Ox'^^^^^^IZ^EmSLtll, 

J jD^v/C^^— 2a?C08a+l) a; sin a 

4. ( ^ « JL8m-V{3(l~a;)(3a:-l)} 



2V16 2a; +1 



J Vc(i + co8;&)cos;»(2 + co8;»)) ^ ' 

J (l+a;)-v/(2a? + a;«) 1+a: 1 + a? ^ ' 

6. f ^^^^ (if COB^^^) 

J (8ec2;^ + l)V(8ec<;^-8eca;^+l) ^" "^ '^ ^^ 

'J(a; + l)V(«'-a^+l) « + l 

J (8ec2;»+l) -/(sec*»-8ec2;»+l) "" *J (x + l) ^{x^-x + 1) 

. 1 C08h-i2^£i£!=£±ll. 
2V3 x+l 

16. Next, supposing the factor x —p repeated r times in the de- 
nominator D, then a corresponding integral 

r dx 

CBJi be obtained from the appropriate one of the preceding resnlts by 
differentiating r times with respect to p. 

Or, by integration by parts, we can obtain a formnla of redaction 
of the form 

J («-!>)*• >/B " (aJ-i))'-' J (»-!>)*-' ^/B ] ix-pY'^ VB ' 

and difEerentiating both sides and equating coefficients, the yalnes of 
Ay Bf are easily determined. 

Supposing, however, that the usual substitution x—p = — had 
been employed ; then this integ^ would have been made to depend 
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npon one of the form 



f 



y'-'dy 



analogous to the integral corresponding to a term of tbe quotient of 
N'/D\ and finally integrable by a formula of reduction. 



The Integral 



Mx'{-N dx 



Ax' + 2Bx'{-0 ^B' 



17. This is tbe integral corresponding to a single quadratic factor 
of JD, wbere Az^-^2Bx-\-0 may be supposed always positive for 
all values of x, and tberefore A and AO—S^ are positive. 

Generally, tbe integral corresponding to a repeated quadratic factor 
of B will be of tbe form 



\ 



<I>M 



dx 



{Aa^+2Bx-\-0y y/B' 

wbicb can be deduced from tbe result of tbe preceding integral by 
differentiating any required number of times witb respect to J., J5, 
orO. 

Tbe constituent substitution required in tbis integration is 



y 



= V(: 






Ax^+2Bx 

and tbe form of tbe result will depend on tbe curves wbicb are tbe 
graphs of tbis function y of a (Chrystal, Algebra, p. 448). 

(i.) If ac—h*, and tberefore also a, is positive in order tbat \/B 
sbould be real, tben y cannot vanisb, and is real for all real values of 
a?, and tberefore tbe grapb is Fig. 1, supposing Ah—aB positive, so 

tbat t/* — —is positive for large positive values of x, 
A 




Fig, 1. 
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(ii.) U ac—V is negative, then y can vanish, and x is limited by 
a and /3, the roots of aaj'-H26aj + c = ; being constrained to lie out- 
side these limits if a is positive, and between the limits if a is nega- 
tive, the graphs of y being given by Fig. 2. 




Fig. 2. 



Denoting aaj*-h2ba>-|-c by E, and Aai?+2hx-^0 by U, and differ- 
entiating y logarithmically, 



y dx ~^ 



B 



U 



(aB-Ah) x^-^(aG-Ac) x+hG-Bc 

UB 



UB' 



denoting the Jacobian of U and B by 4/. 

Again, y'-\ = (a-^^)»^+^ (i-^B)x + c-\G 

is a perfect square, if 

(a-XAXc-\0)-(h-\By = 0, 

or (AO-B^) \'-(aO-{'Ac-2Bb) X + acV = 0; 

and, denoting the roots of this quadratic in \ by X^ and X,, then 

K-y ^--, 

suppose, where m^ = X,J.--a, m'* = a—\^A, ... ; 

so that / = x/(AG-B*) (mx + n) (mx + n) ; 

and the turning-points of y are given by mx-\-n = 0, and mx -f n' 

c 



= 0. 
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Since 



dy Jy / ' 

therefore the integral considered 



f P (wV +n')+P' (mx + n) , C mx+n m'x+n 7 

{mx+n)(m'x+n') ^ I y(X,-y') y(y'-\) ) ' 

= p{ dy +r[ ^ 

putting, identically, 

so that, making mx-\'n and mx-\-n alternately zero. 



P = ^{AC-B^) ^-^-^^ , p'= y(ilO-JB^) 



Mn^TfiN 



mn — mn ^w — wn 

(i.) If ac— V is positive, then X, and Xj are positive ; and the integral 



= -Pcos-^--^ +P'cosh-^-^ 
V Xj ^Xj 



= — Pcos" 



1 //I ax^ + 2hx + c \ 
\J\\Ax''{-2Bx-{-Gl 



+ Fcosh- 



V(i 



1 Ax'+^.Bx-^O 



aa;^ + 2&a:+c 
(ii.) if acV is negative, then X^ is negative; and the integral 

y 



)■• 



= p sin-' -4- +F sinh-' - 



= Psin-y(l 



aa5*4-26a; + 



Ax^ + 2Bxi- 
thas giving the value of the general integral 

Mx-^N 



M+Fsinh-J(-l^l^±|f?±^); 
GJ y ^ \ ax^ + 2bx-\-c r 






dx^ 



(Ax^-{-2Bx+0) ^(ax^-^2hx-^c) 

according as ac^V is positive or negative, in terms of functions of 
the quotient of the constituents aix?-\-2hx-\-c and Ax^'h2Bx-{-G. 

The differentiation of this integral with respect to A, P, or G will 
enable us to deduce the value of the integral 

0(a?) dx 



1 



{Ax^i-2Bx + G)W(ax''i-2bx + cy 



where 0(aj) denotes any rational integral function of x, of degree 
lower than 2r ; or a formula of reduction may be employed. 
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Construction of Nvmierical Examples. 

18. The following method of constructing numerical examples of 
the preceding integrations is due to Mr. Robert Bnssell, M.A., of 
Trinity College, Dnblin. 

The quadratics 

and (AO-B") X"-(a0+^c-265; \ + ac-ft' = 0, 

are by a homographic substitution transformable into each other, the 

sobstitution being 

ax-^b 



\ = 



Ax+B' 



and, consequently, if the roots of one quadratic are rational, so are 
also the roots of the other. 

Denoting by t^ and t^ the roots of 7=0, then 

Xi(^ajH25a;+(7)-(aaj2-|.25aj+c) = {\A-a){x-t^)\ 

\{A7?-\'2Bx^'G)-(aa?+2hx-\'c) = (X,^-a)(aj-g', 
so that 

aa?+2 6a>+ c =i>'(«-0'+3'(«-^s)^ 
where X^ = qjq^ \ ^p'l'P* 

We may now assign any arbitrary integral values to t^^ t^ p, q,p\ q\ 
and then integral values of A^ B, (7, a, &, c result. 

Since Ax*'{-2Bx-\-0 is supposed positive for all real values of «, 
therefore p and q must have positive values ; but, according as ac— &' 
is positive or negative, so p' and q must be taken positive, or one of 
them, say q\ negative. 

For example, take ti^ Z, t^^ i; and 

(i.) i> = 26, y 49, y = 81, q' = 64, then 

^a;« + 2^a; + C7= 26(a?-3)« + 49(a;-4)-= 74«3-642a; + 1009, 
<m;2+ 2bx + c « 81 (a:-3)« + 64 (a;-4)2 » 146j?2-998«+ 1763, 

3^d f P(^~3)H-P-(^-4) ^, 1 ^ 

^"^ J (74j«-542»+ 1009) A/(146a;2-998:p + 1763) -/(2369) 

i* *Y ^ 74a;2-.542a;+ 1009 I ^ ^\ \ 74a;a- 642a? + 1009 /) 

c 2 
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(ii.) /» - 26, y = 49, p' « 81, q' = -64, 

As^ + 2-53; + (? = 74ic3- 542a; + 1009, aar^ + 2ia; + c - 17*2 + 26a;-295, 

J (74a:«- 642a; + 1009) -v/(l7a;* + 26a?-296) -/(6669) 



^ iP«n-iA / 17a;'-h26a;~296 iTy^.^v-i, / 17a^ + 26a;-295 > 
^-iPsm 4^ y^^,,^,^^^oog -»i-Bmli ^i^74^.542^+1009J' 



EXAMPLBB. 



1. f ^^^ dx = C08-i\/— 

J (3d;2-10a? + 9) v'(6a;^-16a?+14) V 2 

f a;— 2 // _ i»-i /2 

• J(8a;2-10a; + 9)v'(6a;s-16a; + 14) "^® ' VY 



6a;»-16a; + 14 
3a;2-103; + 9 ' 



6g«-16a;+14 
3a;2-10a; + 9* 



3. ( ^-^ dx = cosh- iv/5^i^22^ 

J (6a;*- 18a;+ 17) v/(6a;2-22a;+ 21) V 6a;2-18a;+ 17 



- f a;-2 . 1^/4 6a;2-22a; + 21 

4, I ax = COS"* \/ — =. 

J(6a;2-18a;+17)v^(6a;2-22a; + 21) V6 5a;2-18a;+l7 

6. f ^-^ rf:,^J_8in-ijrZEl£±Il. 

J(3:p2_i0;c + 9)v'(a;2-8a; + 10) ^U V3 3a:«-10a; + 9 

6. f ^=i ^ = -l-8inli-u/r^Hli±Z. 

J (3a;«-10a; + 9)v'(«2"8a; + 10) ^^14 V2 3a;2-10a? + 9 

7 f ^ L__co8-i\/I"^^^ 

J(^a;2+C7)-v/(aa;2 + c) ./C./(^<j-flC) V c ^a;2+C' 

or \ coBh-i v/^ ^^\ 

^C y/{aC- Ae) V tf Ax^^ C' 

or = - 1 8inh-iv/3£^±I . 

If Ae—aC=^Of then the argument -^^^^ — ^ reduces to a constant, and the 

integral is algebraic. Writing the integral in the form 

f ^ ^ 1 gij,-i x^{Ae-aC) 

}{Ax^+C),/(ax^ + c) ^C^{Ae-aC) ^{e{Ax^+qy 

or = y lanh-^ x^{aC-Ac) 

^C^(aC-Ae) ^{e{Ax^+q} 

then, when Ae—aC — 0, the limiting value of the integral is seen to be 

X a? 

^Cc^(Ax^-¥ C) ** C^{aa^-¥ey 

8. f -^ , if tana? = y, 

J(a2-tan2a;)V'(*2_tan2)ar' «*^ 2^» 

^f dy_ _ \ CI \ \ \ dy , 

J (1 +y2)(a2-y2) -v/(**-y*) 1 +a3 J V 1 +ya ^ a^-y^l y/ib^^y^) ' 
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and ^ = — i cos-i \/^^ ; 

(1 + y') s/ip^-y") -v/(i + *2) V ^2 + ^2 » 

19. The integrals (i.) f f^^^^^^-^^^^ ^ A ' 

^.. N f M cosh. u+N , 

^^^'^ J A cosh' M + 25 cosh u+C ^' 

,... V f 3f8iiiht>-h^ , • 

^'"•^ J ^8inh«t; + 25smht; + (7 ' 

are redaced to the preceding form of § 17, by putting a; = cos^, 
cosh Uy or sinh v ; and therefore the integrals are of the form 

p '. «i / k sin' 3^ .ry ' i^-i / — /c'sin' .^ 

'^ V.lcos«^+25cos^+(7"^ ®'^ V^cos«^H-25( 



cos^ + 0' 



(ii.) Psin''J 



k sinh' u 



A cosh' 1* + 2B cosh t* H- 



+ P'sinh-^^ -/^'sinh't. 



^ cosh' 14 + 2-8 cosh tt+ G' 



/••• \ p -1 / A; cosh' t? 

(iu.}-i'C08 y^3int'«;+25 8inht; + 



H-F 



V A am\i*v+2B sinh v+G 



When cos ^ = a;, then i2 = 1— a^, so that now ^it, = 1, and we 
may pnt 

We may now put 

and then assign any arbitrary numerical values to t^, p and q. 
When cosh u =Xf then B is of the form a'— 1, so that 

and Ax*+2Bx + 0=p(x-tiy+q{tiX-iy. 



26 
Finally, when Binhtt = x^ then E is of the form a^+1, so that 

^ ^ (£Zl^i)!±(^i»±l)! 

where ^„ p and g may have any arbitrary numerical values. 

Examples. 
1. f tl^l d^^ian-^ ^"^^ 

2 f 1— 3cob;» i£a SB i aiiili-i 2emd 

j6-6cos;^ + 6co82;^ * v^(6-6co8^ + 6c083;^)' 

whence f M+Ncob» ^ 

J 6 — 6co8;^ + dcoe';^ 

3. f co8h^-2 ^^ Lginli-i ^SBmhu 

J 6 cosh^ff — 6 coshff +^ ^/6 ^(6 cosh^ » — 8 cosh u + S) 

4. f 2co8h«-l ^^^.JLgin-i Vlsmhf* 

J 5cosh3ff— 6co6hff + 5 V6 ^^(Scosh^M-S coshu + d) 

J 5 cosh'M— 6 oosh u + 6 

6. Determine f . ^^^^^ dr, and f , 28inht>+l ^^ 

j68inh3v-48inht; + 9 J 6 8inh«t;-4sinhv + 9 

andgeneraUy f ^^^^^ + ^ ^. 

'^ ^ j6sinh2f;-4sinhv + 9 

6. Find f .^f^^.^J , ^, and thence generaUy f . ^'^.''v ^ , ^. 
J sinh^v— sinhr + l J sinh't;— sinh9+ 1 

Analogies and Properties of the Hyperbolic Functions. 

20. The preceding integrations will illustrate the use of the hyper- 
bolic functions, direct and inverse, in conjunction with the circular 
functions; and the following geometrical definitions will further 
elucidate the relations between them. 

Taking two rectangular axes Ox and Oy, and describing a circle 
i4P of radius a with centre 0, the equation of which is therefore 

then if the circular measure of the angle AOP is denoted by <^, it 
follows from the definitions of ordinary trigonometry that 

the arc AP = (t*, the sector ilOP = |a'^ ; 



1 
\ 

1 
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and if the ordinate PM and the tangent FN is drawn, then 

OM=acoaS, 3fP = ffl8in5. PN"= atan5, 0N = aB6c9, 
AM = a -ven 5. 




Incidentally we notice that the triangle Oj4P = ^a' sin 3, the 
sector OAP = io'5, and the triangle ONP = \a? tan A ; and these are 
obvionaly in ascending order of magnitude, proving that sin 5, 5, and 
tan A are in aaceodiDg order of magnitude in the first quadrant. 

Now, if the ordinate NQ, is erected, of length equal to the tangent 
NP, then the coordinates x and y of Q are giren by 

3! = OJf = a sec 5, j/=K'Q = otan3; 
BO that the equation of the locus of Q is 

and Q describes a rectangalar hyperbola. 
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21. But we may also express the coordinates of Q by 

X = a cosh u, y ^ a sinh u, 
so that cosh u = sec '^, sinh u = tan ^, 

and then we shall find that the sectorial area AOQ, bounded by the 
vectors OA and OQ, and the hyperbolic arc AQ, is equal to |a*w. 

Also tanht^, u, and sinhtt are in ascending order of magnitude. 

When u and 3^ are connected by this relation, then 

e** = cosh tt -h sinh w = sec ^ + tan ^, 

or u = log (sec ^-j-tan ^) = log tan (Jt-j-^.^). 

Conversely, & is then called by Cayley (Elliptic Ftmctions^ § 79) 
the Oudermannian function of u, and denoted by gd u ; so that, if 

3 = gdu, 

then u = log tan (J^-hl^) = gd"* ^, 

J du dsd'^S^ ft 

The Gudermannian function connects the circular and hyperbolic 
functions ; so that the table given by Prof. Cayley in the Quarterly 
Journal of Mathematics^ Vol. xx., p. 213, extracted from Legendre's 
Fonctions Elliptiques, t. ii.. Table iv., connecting u and & (in degrees), 
enables us to determine the numerical values of the hyperbolic func- 
tions of the argument u, by means of the above relations — 

sinh u = tan '^, cosh u = sec -^j &c. 

Tables of the hyperbolic functions have been calculated by 
Lambert, Gudermann, Gronan, Forti, &c. (Die hyperholischen Func- 
tionen, von Prof. Dr. E. Heis. Halle, 1875). 

22. Since cos iu = cosh u, we notice that, given -^ = gdu, or 
cos & cosh t* = 1, then cosh iS cos iu = 1 or iu = gd t^ ; so that, if the 
expansion of 3^ in ascending powers of u is 

involving of necessity only odd powers of tt, because & is an odd 
function of w, the curious example of reversion of series follows, that 

Since u = log tan ( Jtt + 1^), 

therefore -^ = sec ^ ; 

and supposing sec 3 expanded in the form 
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where ^„ JS?^, ... ^2n> ... are called Euler's numbers, it follows by in- 
tegration that 



jE^ JEJ^ jE 



^ — 1» (h — ^» ^6 — 7T»*" ^n-»l — 



2n 



3!' ^'^"5!'- ^"^* (2n-hl)!' 

«!«« p - 2 (2n) ! /, 1.1 1 . \ 

aiso 2&2» — /i^v2„*i ^A— gi^i -r gs^m ""72^1 -r--- j- 

23. The relation connecting 3^ and t^, in the form 

cos & cosh u = 1, 

leads immediately to 

. jia 1— cos^ coshtt— 1 . , J 1 
tan' f ^ = = — :; = tanh' fw ; 

^ 1+008^ cosht^-hl ^ ' 

-which proves that the line Otp, drawn to t the point of intersection 
of the tangents at A and P of the circle, and therefore the bisector of 
the circular sector OAP, is also the bisector of the hyperbolic sector 
OAQ; also MQ is the tangent of the hyperbola at Q, and passes 
through ty while At produced meets OF in a point U, such that 
AU ^=^ MP, as may easily be demonstrated. 

For developments of this subject, the reader is referred to M. 
Laurent's " Essaisurles Fonctions hyperboliques,*' in the Memoiresde 
la Societe des Sciences Physiques et Naturelles de Bordeaux, t. x., 1875. 
Here ^ is called the hyperbolic amplitude oft*, with the notation 

S^ = amh u ; 
analogous to Jacobi's elliptic amplitude function am u, defined by 

'•"« d^ 



Jo 



which reduces to amhu or gdu, when the modulus ^ = 1. 
We notice, as additional anologies, that 

AT = PN = a ta,n& = NQ = a sinh u, 

All •= a tanh u = MP = a sin ^. 

Also sin iv = i sinh v, cos iv = cosh v, tan iv = i tanh v ; 

sinh iu = — i sin u, cosh iu = cos u, tanh iu =:^i tan u ; 

so that sin (t* -h iv) = sin u cosh v-\-i cos u sinh v, 

sinh (v + iu) = sinh v cos u-\-i cosh i; sin z*, 

cos (u-\-iv) = cos M cosh v—i sin w sinh v, 

« 

cosh (v + iu) = cos w cosh v-\-i sin t* sinh v, 

. 1 / , . N sin M+t sinh V 

tan f (u+iv) = ^^ r- . 

cos t«-|- cosh V 



Since 
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cosh u + sinh .w = exp w, 
cosh ft— sinh u = exp (— m), 



therefore cosh (u+v) =^^ exp (w + v) -t- ^ exp ( — w — v) 

= J (cosh u -h sinh w) (cosh v + sinh v) 
-h I (cosh It-— sinh w) (cosh v — sinh v) 
= cosh u cosh 17 + sinh u sinh t; ; 

similarly sinh (u + v) = sinh t« cosh v + cosh u sinh t;, 

X L / . \ tanhtt+tanhv 

tanh (t* -f- v) = ■ ; 

l-htanhtt tanhi7 

sinh tt+ sinh v = 2 sinh | (w+t;) cosh ^ (tt— v), 
sinh M— sinh «; = 2 cosh | (t* + v) sinh J (t«— t;), 
cosh ft -h cosh V = 2 cosh |(tt + «) cosh ^ (tt — v), 
cosh ft —cosh i; = 2 sinh ^ (u+v) sinh J (t* — v). 

The hyperbolic functions have an imaginary period, 2iV for the 
hyperbolic sine and cosine^ and itr for the hyperbolic tangent ; and 

sinh |tV = t, cosh ^iw = 0, tanh Jiir = oo ; 

sinh iV = 0, cosh itr = — 1, tanh iV = ; 

sinh2iV=:0, cosh2iV =1, tanh2iV = 0; 

sinh (|iir + 1?) = i cosh r, cosh (|iV -f v) = t sinh v, 

tanh (^iv+v) = cothw ; 

sinh (iw+v) = — sinh v, cosh (iw+v) = — cosh v, 

tanh (tV + r) = tanh v ; 

sinh (2iV-|-«) = sinh v, cosh (2iV-f v) = cosh v, 

tanh (2iV+i;) = tanh v. 

Analogous to DeMoivre's theorem for the circular functions, we have 
(cosh vzksinh v)^ = (exp (iv)]"* = exp (±mv) 

= cosh mi; it sinh mv. 

Examples on the Hyperbolic Functions. 

1. Construct a Table exhibiting the value of any direct hyperbolic function in 
terms of any other. 

2. Construct a similar Table for the inverse hyperbolic functions. 

3. Expand, in ascending powers of x, cosh x, sinh x, tanh Xf sinh~^ x, tanh'i a;. 
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4. Proyethat 

in n-r fan I « — i „,_, ,,.„... ^. ,^ ^„ 

COS — sm 

sin-i or tan-1 ( o — ^ ^^ ma; = 8mli-i or tanh-iom ^^mx. 
\ dxj cos -sm 

5. Prove that, in the ordinary catenary, 



sin or tanfa— \ ?il:«M; ■» sinh ortanh oon^^mx^ 



X 



ii-co«h*, i.-smh 
e e e c 

6. Ftoye that, in the catenary of equal strength, 

ezpiicos-^ a 1, £.=sgd— . 
c e e e 

Prove also that the line density is proportional to cosh sje; and thence show that a 
piece of flexible cloth, cut out from a plane sheet by the ordinary catenaries 
y [e ^ ^coBhx/e, can hang in a catenary of equal strength. 

7. Show that, if la; + y = <? log (a + i$)y 

then exp y/e coax I e » a, expy/e sixixje » jS, 

so that the curves a « constant, and /8 ~ constant, are orthogonal catenaries of equa 
strength; and expy je qos{x j c—y) » constant is the equation of an oblique tra- 
jectory, also a catenary of equal strength, cutting the orthogonal system at an 
angle 7. 

8. Prove that, if x + iy =s e cosh (| + iij), 

the curves y; » constant, and | = constant, are confocal ellipses and hyperbolas ; and 
show that the focal distances of a point are e (cosh 7; ± cos |) . 

Prove that the distance between two points defined by (|, 97), (^', if) is 
c -/ {cosh {11 + 11') - cos (^ + 1')} {cosh {ri - ^') — cos (| - f ) } , 
the same as the distance between the corresponding points (|, i{)j (|', ii) ; and prove 
that the angle between these joining lines is 

tanhi(7;— V) 

9. Prove that the equation 

x + iy ==s e tan i (^ + ip) 

represents for constant values of p and ^ a system of dipolar circles ; which circles 
are the stereographic projections of a system of parallels and meridians on a sphere. 
Draw the stereographic projections of the E. and W. hemispheres of the ter- 
restrial globe, for poles of projection on the equator in longitude 110°W. and 
TO*' E. ; and prove that the latitude ^ =» gd p, while ^ is the longitude. 

10. Prove that the equation ;^ = gd »^, connecting ^ the latitude and <f> the 
longitude, is the equation of a lozodrome on the sphere, cutting the meridians at a 
constant angle a, where n = cot a. 

11. Prove that, on Mercator's chart, ^ » gdy/a, ^ ^ x/a, where i&, ^ denote 
the latitude and longitude (in circular measure) of a poiut whose coordinates are 
X, y on the chart. 

Prove that the equation of the curve on the chart, which represents a small circle 
on the sphere, is of the form 

QOBh.{y^b)la » sec/8 cosx/a, 
or sinh(y— 6)/a « tan/8 coBxIa. 
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12. Show that Cotes's spiralfl are all included under one of the forms 

r sin »^ a a, rn^ ^ a, r sinh m;^ » a, r ezp n^ ^ a, r cosh n^ ^ a, 

13. Prove that in the catenary formed hy an elastic rope, 

x/e ^ u + kainhUf y j e =^ oosh. u -^ ^k cosh^ u, «/<;« |A;m + sinh m+^A: sinh 2f#, 

putting -^ = sinh u. (Laisant.) 

ax 

The Integrals J sec ^ dS^ J cosec S^ dS^, J" secli u du, J" cosech v dv. 

24. Suppose the integral of sec^ is required; according to tlie 
method of the ordinary treatises, 



f 



sec :^dd = log tan (Jir '{-\^) = gd'^ J. 



But in order to express the integral as a function of sec 3-, put 
sec ^ :=y \ then 

fsecJ^d^ = .^ / ..^ = cosh'^y = cosh"* sec J^ ; 
J -/(y -1) 

and similarly 

I sech udu:^ cos"* sech u. 

Similarly I cosec 3 id^, usually expressed in the form log tan|3^, when 
expressed as a function of cosec «^, leads to 

cosec 3^ c?3 = —cosh" (cosec 3^), 
or, as a corrected integral, 

cosec -^c^ = cosh"* (cosec J) ; 
and I cosec t^dt* = sinh"* (cosech w). 

Generally f, ^-^ = _1_ cosh- -^^(^±4- 

J 6 COS aj+c Sin JB vCo+c*) ocosa^+csina; 

__ 1 . 1 _i bsina?— coosa? 

v^(fe* -\-<?) h cos x + c sin «' 

and : ; : ^t- = -ttt^ jt cos * ^ ^ ^ 



f 



f 



1 



fccoshaj + csinhaj y/(h^—c?) bcoshoj+csinhaj 

. .!& sinhaj-hccoshaj 
sin * 



-v/(6'— c*) 6 cosh « -he sinh a? * 



= ..} ...sinh-' ^C'^-^') 



^^(0*— V) b cosh a -h c sinh a; 

_ 1 1^,1 & sinh x+c cosh a; 

"" v^(c*"- b*) b cosh aj H- c sinh x' 
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ExAHFLia. 

1. f ± Lcogh-' ^ Lrinh-i55i£=^^. 

J COS ar + sin 2; v2 cosd? + sma; a/2 cosd^ + sina? 

2. i (tan \xY (cosec x)^ dx (putting tan \a — y) 

-J'-('-S^)*,^-«l<'-**-*'-'*-'(S*¥*JS)^ 

and similarly l (cot \x)^ (cosec xY dx 

""* 1^:^32 + "11^ + r;r?2i- 

3. f ff <. *[ ""I'^f. , «Jf;»+iV-log(acos;»-f^sin^), 
Ja + *tan,^ J acos.^ + *sin;^ °^ 

where M « -^, JV = * 



4. . — ^ . ■ = ilf^ + iv log (a cos;^ + d sin;^), 

where M ^ ^5^±^, N - *^=^. 

6. f a/(2 GO%x)dx — sin-i -/(sin 2a;) + sinh** ^/(sin 2a;) . 

6. f V(seca;+1) dx = cos-i^ ^(^^-^). 
J seca; 

7. Integrate cosec (a; — a) cosec (a; — d) , 

sina; cosec (a;— a) cosec (a;- i), cosec {x—a) cosec (a;—*) cosec {x—e), 

8. Evaluate [ cosec^cot^rf^ 

J v'{8in(;& + o)sin(;^-o)} 

TAe Integrals ; i I — —i ^ — , I ; — r-r — . 

^ Ja + ocos:^ Ja + 6oosht^ Ja + osmhv 

25. When these integrals, or more generally 

du 



f ^» . f_ 

J a + ftcos-^-hcsin^' J a + 



tcoshtt-hcsinhtt' 



have been presented for integration, it has been cnstomarj to reduce 
the integration to that of a rational function of t/, by means of the 
substitution y = tan -J^ or tanh \u. 

But following out the general idea of this paper, we shall find it 
more suitable to exhibit the results as functions of the function to be 
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integiated ; thoa, aooording as a is greater or less tlutn b, 



\ 






1 



— 1 , .iacosj5^+fe 

d^ 1 . .1 a8in^+2> 
_^^^^^^.^__ ^ __^^_^^^^ sin 

a-hftsin^ y(a'-6») a+tsiny 
or = —7775 rr cosn ; — : — ;r : 

f du _ 1 , ,i acosh^-h& 

a-hbooshu ^/(a*— 6*) a + fecoshw' 

a + fcsinhtt \/(a' + 6*) a-h&sinhtt' 

In the more general oases, ^ 

d& 



f 



a+ftcos-^+csin^ 



1 .1 a (a + 6 cos ^ -he sin 5) —a' -ft* -he* 

^(a«-6«-o*) (a+6cos^-hcsin^)y(6«-hc») ' 

^ 1 , .i a(o-h6coS'^-hesin^)— o*-h6*-f c* 

^' "■ ^(--a*-h6*-ho")°^^ (a-h6cos^-hcsin^) v^(6Hc') ' 



f 



du 



a+ 6 cosh u-he sinh t^ 
cos 



.1 a (a4-6coshtt + csinhtt)— a'-hfe' — c' 
v/(-a«-h6'-c») (a -h 6 cosh tt -he sinh t*) y/{V-<?) ' 

_ 1 , «i o(a-h6co8hti-hesinhn)— o*-h&'— c* 

^^ " -/(a»-6«+e*) ^^* (a + ftcoshtt-hcsinhu) -/(fc'-e*) ' 



or 



I 



_ 1 . , _i O {a-\-h cosht^ + csinhu)— o*+&*— c^ 

" -/(a«-6*+c') *^^ (a-h6coshw-hesinhw)y(c*-fe«) ' 

being always reducible to the form 



a 4-6 cos -^+c sin .^ 



1 



aH-y(&'+c')cos(^-ha)' 
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du 

•-\-hcoQhu+csiDhu 

is reducible to the form 

du 



while I — 

J a 



1 



a-h -/(&*-c») cosh (u+fi) 



if h>c, 



OV I T—z TTT :—z — ; r if & < C. 

J a+ ^{(^-V) sinh iu-\-y) 

Generally it will be noticed that these integrals are expressed by an 
inverse circular, or an inverse hyperbolic function (^.e., a logarithmic 
function), according as the denominator of the function to be in- 
tegrated is not, or is capable of assuming the value zero for real 
values of the argument. 

Examples. 

•^ • I ~~z ZTT ^^ — I — . . ^ ~ — ~ COB 



I 



o2coB2;^ + /32siii2;^ 2ai8 a2co82;^ + /32 8iQ2;^* 

n [ du 1 ^^^_, a^cosh^w-iS^sinh'w 

Z. I » COS * — 

J a^cofih^w + zS^BijihStt 2a/3 o* cosh^ i* + jS^ sinh^ « 

d^ -_j f du 



b cosh^ u-^e sinh" u 



3. Determine f — ; ^ -. and f — 

J a + i cos' ^-^-c Bin- ^ j a + 

4 f d» ^ C d^ 

J 16 sin* ;^- 16 cos ;^ J (6 + 3 cos ;^) (3 -6 cos ,^) 

= 1 f dd ^ b_ f d^ 
34 J 6 + 3co8;^ 34J 3-6cos;& 

« JL cos-i ^<^Q^^ + ^ + -L cosh-i ^<^Q»^-^ 
136 d + 3cos;^ 136 3-5cos;^' 

6. Show how to resolve /(sm^, cos») — ^ .^^^^ partial fractions, and thence 
to integrate it. n(a + * cos ^ + . sin &) 

26. When :& = gd w, 

then, generally, j (sec ^Y d^ = j (cosh m)**"^ c^, 

j (sech uY du=[ (cos ^Y'^d:^ ; 
reducing when n= 1 to 

sec^c?^ = t4 = gd"^^, 



f 
\ 



secht^ c^ = J = gd w. 

27. Similar formulae of reduction exist for 

du 



j (a + /3cos^r ^""^ J 



;a+/3coshw)"' 
with interesting geometrical applications. 



36 



Supposing a>/3, then since 

d!^ 1 



f d 

JaH-/3 



cos 



if we pnt 



_! acos ^•\-l^ 
cos^ " y(a*-/3») """ aH-/3coa^' 

acos^ + /3^^^gj^ 



a+/t3cos ^ 

we obtain the relation connecting ^, the ^rwe cmomaly from perihelion, 
with { the excentric anomaly in an ellipse of excentricity j3/a. 

Then 



a + pcos^= ^-^> 

a— pcos{ 



and 



k 



d^ 



+/3cos^) 



« = (^ri^J(«-^^^^ 



28. Bnt supposing a < /3, then 

f <^^ ■_ 1 . ,i aC08^H-/3 . 

J aH-/3 cos ^ y(/3'-o») ^® aH-/3 cos ^ ' 



so that, pntting 



acos^^-/3 , 
;r — ^ = cosh i;, 



we obtain the relation connecting ^, the true anomaly from perihelion 
in a hyperbolic orbit of excentricity /3/a, with i;, which may now by 
analogy be called the hyperbolic excentric anomaVy, (Prof. J. C. Adams, 
" Lambert's Theorem," Messenger of Mathematics^ Vol. xii.) 




Fig. 4. 




Fig. 5. 



For, as in the ellipse (Fig. 4), af/a^-^-y^/h^ = 1, the sectorial area 
AOP= fab 4, the triangle OP/S = f a6c sinf , and therefore the sectorial 
area ASP = |ab (J— e sin^) ; so in the hyperbola (Fig. 5), ajV«*""yV^'= 1> 
the sectorial area AOP = iahrf, the triangle OPS = ^abe sinh »;, and 
therefore the sectorial area ASP = ^ab (e sinh i;— »?). 
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Relations between True, Excentric, and Mean Anomaly. 

29. The well-known relatidn for the mean anomaly nt in terms of 
the excentric anomaly { in an elliptic orbit, namely 

nt = £— esinf, 

becomes for the hyperbolic orbit *by analogy, 

nt= esinh i;— v, 

where nV = ft = h^/l^ 

I denoting the semi-latns rectnm of the orbit), elliptic or hyperbolic, 
and h twice the area swept out in unit time abont the focus. 

We notice that 

n -r- = 1— ecos J = — , or r ~ = an, in the elliptic orbit, 
d^ a at 

and w — = 6C0sh i; — 1 = — -, or r-~= cm, in the hyperbolic orbit ; 
dri a at 

r denoting the focal distance 8P. 

30. Then, when a</3, 

a+i8cos^= ^^""^ 



/3 coshiy— a' 
Reciprocally, 

i cacosW-^)" = pip. f (-+^°<'«*)"-'(«-^)"'^. 

including the reduction of all possible cases of the integral 

du 

(a + 6 cosh w)"' 

and reducing when a = 0, j3 = 1 to the cases considered in § 25. 

31. The case of w = 2 is important in Physical Astronomy, because 
required in the determination of the time t or the mean anomaly nt 
from perihelion in terms of the true anomaly ^. 

Then, if e< 1, 

giving as before, in the elliptic orbit, 

nt = f— esin{. 
C 
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But cos£=— ^, 

1 + e cos ^ 



l + ecos^ ' 



sin 

so that «« = sin-' v^a-^)8in^ _ ey(l-6')sin5 

1 H- e cos ^ 1 -h e cos S^ 

if 6 :> 1, giving, in the hyperbolic orbit, 

nt ^ e sinh >; — >j. 

But oosh, = ^^58l±e, 

1 4- e cos ^ 

Binh,= ^y-l)«^°^, * 
1 + ecos* ' 

so that nt = eA^-l)sin» _ ^j^^. , ^(a'-Dsin^ 

iH-ecos^ l-hecos^ 

a form more symmetrical than that involving the logarithm of a com- 
plicated argument. 

When the anomalies in an elliptic orbit are measured from aphelion, 

1— ecos^ 1 — ecos-c^ 

and in corresponding hyperbolic orbit, which must now be supposed 
described under a repulsion from the focus, 

. • 1. , e-v/(e' — l)sin.^ , . , .ie v^(e'— 1) sin^ 

ecos-^— 1 ecos-c^ — 1 

When e = 1, the ellipse or hyperbola reduces to a straight line, and 
we obtain the motion of a body from rest under the attraction or re- 
pulsion of a fixed centre varying inversely as the square of the dis- 
tance (Clifford, Dynamic, p. 111). 

If 2a is the initial distance, and a the distance at the time ty then 

(i.) if attracted, x = a (1 -|-cos {), nt = f-f sin {, 
(ii.) if repelled, « = a (cosh fj-hV), nt = sinh i?-f »/, 

and n^a* = /i, the strength of the centre of attraction. 

The time of falling to the centre, if attracted, is obtained by 
putting 4 = ^9 and then ^ = 7r/t» = va^/fiK 



r 
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Examples. 

— -i, (representing the time in an elliptic ortit) 

(6 + 3oos;&)» ^ ^ ^ 

5 . .1 4sin;S^ 3 4sin;^ 
=: — Bin * — — . 

64 5 + 3co8;^ 64 5 + 3 cos ;^ 

2- I t;; — ^ r> (representing the time in a hyperholic orhit) 

J (3 + 6 cos ^)'- 

_ 6_ 4sin& 3 ^^^-i 4sin;^ 

64 3 + 5 cos^ 64 3 + 5cos;&* 

3. Prove that 

f' ; r-? ; ; — \ (cOBhx-'BiJlh.X COS <f>)*^'^d<f>. 
^(cosha;— 8mha:cos^)*»+* Jq 

4. Prove that the area of each of the two equal and similar pieces of the ellipse 
arVaS + yS/^ ■ 1, which are cut off hy the hyperhola x^la^-y^/fi'^ = 1 (a<a), is 

abBiu'iA^A^'TZ^I. -ai8sinli-iAv^X«^a3J ^ 

6. Evaluate f- ^-,,. 

J {a + b cos ;^)3 

6. Given with C. G. S. units that the quadrant of the Earth is 10^, the mean 
density 5*67, and the acceleration of gravity is 981, prove that two homogeneous 
spheres, each of mass 10^ and diameter 50, will under their gravitation take about 
2525 seconds to come into contact, their centres heing initially a metre apart. 

J (a + t cos^ + csin^)"* J [a + bcoshu + csmhuY' 
32. The first integral is reducible to a preceding form 



\ 



{a-fecosC^— y)}**' 



by putting fe = e cos y, c = e sin y ; and can thus be expressed as a 

function of a-|-6 cos ^ -he sin ^. 

But the intefirral 

du 

(a 



is reducible to 



J (a 



+ 6 cosh u+c sinh w)'* 
du 



{a-\-ecosh(u-j-S)Y' 

by putting h = e cosh 5, c = e sinh B, only when b>c; the result being 
expressed as a function of a + 6 cosh u-\-c sinh u. 

When 6 < c, then this integral is reducible to 

du 






{a+esinh(tt-|-5)}"' 
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by putting 6 = e sinh u^ c= e cosh u ; and therefore depends on 

The Integral I ; tt-^t-; — z:,' 

^ J(a+/3smhwr 

33 Now f ^'' = — - sinh- ^"^^^^L^'"^; 

J a-l-^sinhn >/(a* + /3*J a-|-/3 sinhit' 

so that, putting '^ ^7" = sinh v, 

a+p smh w 

,, . V asinhv-|-/5 , /a • i. a'+/3* 

then sinhw = ^ . . — , a-|-psinht4 = n - -, y 

a— p smh r a — p smh i; 

and f 7 ,^ , , = , , ^^^ , f (a-i3 sinh v)-* iw. 

To interpret geometrically this relation connecting u and v, let 
^ = gd u, = gd v, so that sinh t« = tan ^, sinh t; = tan ; then 

a — ptan0 
putting j3/a = tan y, 

so that ^ = -I- y. 

mv r <i^ If sec*^ dS 

J (a + /3sinht*r " (a'+zi')*** J (cos y+siny tan^)« 

= (^T^. [ (cos^)"-^ (sec0)V^ (or d^). 

AbeVs Theorem and the Rectification of Curves. 
34. It follows from Abel's theorem (Bertrand, Galcul Integral, 

p. 106) that if — -— - is integrable, where D, N^ R are rational in- 

J D vM 

tegral functions of a;, then 

\t :^ = 'y + ^^^ + ^log(a+i3v^5)+J51og(y + ^v^i2) + ..., 

where ly, J^^, a, /3, y, 5, ... are rational functions of x. 
Changing the sign of y/R, then 

^{^ ;^=7-^v/-K+iilog(a-.i3yi2)-h51og(y-av^E) + ..., 
so that, subtracting, 

or, with the notation of the inverse hyperbolic functions, 
= *-v/ii5-iltanh-^-^ -v/B-JBtanh-» — v'E... ; 
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and the inverse hyperbolic functions tanh"^ must be replaced by in- 
verse circular functions fcan~\ if necessary, to throw the integral 
into a real form. 

The geometrical interpretation of this general integral may be 
taken to be the rectification of a unicursal curve, whose coordinates 

are given by 

X : y : I = A : B : G, 

where A, By G represent rational integral functions of a variable t, 

rj,. d» _ A'G-AG' di ^ SG-BG' 

^^ dt 0* ' dt a* ' 

ds^ \/{{A'G--AG'y + {B'G^BGy} 
dt G" ' 

and the curve is rectifiable when this expression is integrable {vide 
" Rectification of Certain Curves," by R. A. Roberts, Proceedings of 
the London MathemaMcdl Society, November, 1886). 

Abel {CEuvres, p. 104) has considered the particular case when this 
paeudo^elVvptic integral reduces to a single term, and then 

^ ^ = ^ tanh-» -2- ^ij or AtKn"^ ^ ,/B. 
N vie jp p 



1 



1 



Examples. 

1. Prove that, if J2 - ax* + 2bs^-hex^ + 2bx-i-a, 

a recurring biquadratic 

or = — sinh-i V^V^ ^ 

or == —r, — r sm-i ^^ . '^^ ; 

where A = o^— i*— 2tf^, 

80 that aR » {ax'^ '¥hx-¥ a)^ + Arr'. 

or =— i Biph-i ^(^-2^)/-g , 

or ^— 8in-i 3^i?^^:^^A^ ; 

and (<?-2rt)J?= {*a:3+(c-2a)iP+*}8+ A(ipa+ 1)2. 

3. Determine in a similar manner 

[t±lJE^ and f^±l ^. 

where JJ' ■■ ax*^2bx^-k-eifi+bx + a. 
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4, Prove that (Clausen) 

f ^^"^ - ^ tnn-^ Zx(x-l) 1 /3t--i.-iA/3(^jii) 

J (a:3 + 8)v'(:r»-l) 18 liC-4) v^(a:3-l) 18^^ V'(a?»-1)' 

6. f ^^ ttanh-t (:r + 2)/^ 

«.Binli-i^i^^^^±^^^::i5)or ^l8iiih-i^^-^-)v'(^-^) (Abel). 
6 f (^ + y)^ « coBh-i v^(^' + 2gi:+p) 



OP = 8inh-i ^^^^±|2^ (Abel). 



7. J *^ 



=. X tanh-i (^-^2g + gO^/(^^^^2g^^-y^-2gg^) (Abel). 
(a; + y + 2(?')v/(a:« + 2^a;-y''-2?0 

8. Rectify the inverse of a parabola with respect to any point ; or the inverse of 
an epi- or hypo-cycloid with respect to the centre (R. A. Roberts, Proe. Lond, Math, 
Soe., 1886, p. 102). 

35. The hyperbolic functions may be used in conjunction with the 
circular functions in order to give a more symmetrical form to the 



result of the integration of I ^ . 



Even values of m may be excluded, as the integral is then re- 
ducible to a function of a? ; supposing then that m is odd, 



I 



x'-^dx I'i- 2r-l , ^J ^'"^%^ ' 

o • 2r-l 

+ TT- -S sm — - — mv tan * 



,s 



f, 



2n 2n \ 1— a? 

• Q rir 

j_^ = --.tanh';r-- S^ cos — tanh • -3;^^ 

i2a; sm — 
+ — 2 sm tan * 



2n r-i n 1— aj^ 

or = coth'^aj— ... according as a;' "^^ 1. 

m > 

; r-— . cannot be combined so 

as to be exhibited in this manner. 



